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Abstract 

Design optimization of an automobile body for dynamic stiffness improvement is presented. The thicknesses of 
plates consisting of a monocoque body of an automobile are employed as design variables for optimization whose 
objective is to increase the first torsional and bending natural frequencies. By allotting one design variable to each plate 
of the body, compared to previous works based on element-wise design variables, the design space of optimization can 
be reduced to a large extent. Because the present optimization is based on continuous-variable-based algorithms, con-
sidering manufacturability of the optimized result, the converged values of plate thicknesses should be approximated to 
commercially available discrete values. A new straightforward thickness discretization scheme considering design 
sensitivities and employing a subsequent reduced optimization problem is proposed. The validity of the proposed 
thickness discretization scheme is verified through numerical experiments. 
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1. Introduction 

The fierce competition within the car industry by 
globalization of the markets requires manufacturers to 
shorten their development time for new models. To 
this end, CAE-based structural optimization tech-
niques have been actively utilized to design light-
weight parts with high static and dynamic perform-
ance. For example, Chiandussi et al. [1] used topology 
optimization to reduce the weight of a sub-frame for a 
suspension system. Chen et al. [2] optimized the 
shape of a fuel tank, and Leiva et al. [3] introduced 
size optimization to determine the location of weld 
points. Hwang et al. [4] designed a rear-view mirror 
with enhanced dynamic performance by using shape 
optimization whose design parameters are determined 
by the Taguchi method. Kim et al. [5] improved the 
fatigue life of a lower control arm by using the design 

of experiment approach.  
In this work, we apply CAE-based optimization to 

increase the overall dynamic performance of an 
automobile body. The thicknesses of the plates con-
sisting of the monocoque body of an automobile are 
parameterized with design variables for optimization, 
and the design objective is set to maximize the first 
torsional and bending natural frequencies. The 
optimization is performed for a car model that has 
already been produced. The thicknesses of the plates 
are increased or decreased with respect to the values 
of design variables, so an optimization algorithm will 
reinforce the plates which have a large influence on 
the frequency increase and vice versa.  

The optimization of a full car model for dynamic 
performance increase was performed by Wang et al. 
[6], who discretized the BIW (body-in-white) model 
of the Porsche 928 with over 34,000 finite elements. 
They allotted one design variable for each finite ele-
ment and proposed the reinforcement of the automo-
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bile body by performing topology and thickness 
optimizations. For topology optimization, they added 
a new layer of elements on the existing elements and 
endowed the added elements with design variables. 
Also, for thickness optimization, they directly treated 
thicknesses as design variables. However, the design 
space in their approach was very big with many de-
sign variables and accordingly the numerical cost was 
tremendous. Because the optimization in Reference 
[6] used continuous design variables, the optimized 
thickness was not discretely calculated, which is not 
favorable for production of the optimized body. 

In this work, the design variables are allotted to 
each plate of a monocoque body, and thus the number 
of design variables and design space can be signifi-
cantly reduced compared to the approach in Refer-
ence [6]. The proposed thickness optimization is per-
formed based on a continuous variable design space. 
Thus gradient-based fast optimization algorithms are 
employed as the optimizer. However, because com-
mercially available plate thicknesses for the automo-
bile body are discrete, optimized thicknesses should 
be approximated to the discrete values to ensure 
manufacturability. To discretely optimize the plate 
thicknesses, non-gradient-based algorithms such as 
the genetic algorithm [7], the particle swarm method 
[8] and the branch-and-bound method [9] might be 
introduced. However, the computational cost for such 
optimizations would be enormous especially for full 
car models of this work. 

We propose a new thickness discretization ap-
proach which minimizes the performance change of 
the continuous-thickness-based optimization results. 
Because the present problem deals with natural fre-
quencies as performance measures for optimization, 
unlike static cases, design sensitivity is not always 
positive with respect to the increase of the plate 
thickness. Thus, if some final sensitivities of the con-
tinuous-thickness-based optimization are negative, 
their corresponding intermediate thicknesses are eas-
ily discretized to smaller available discrete thick-
nesses. By doing this intuitive post-process, the mass 
of the optimized structure can be efficiently reduced 
without affecting system performance. For thick-
nesses having positive design sensitivities, a reduced 
optimization problem is formulated for further discre-
tization. In the reduced problem, an explicit penalty 
term for intermediate thicknesses is imposed on the 
design objective. 

The commercial software ANSYS [10] and DOT 

[11] are used for the finite element analysis and opti-
mization, respectively. 

2. Formulation of thickness optimization 

The BIW model of a car that is used for optimiza-
tion in this work is illustrated in Fig. 1(a). The model 
consists of 51 steel plate parts, among which 19 parts 
in the middle rear region of the car are set as design 
variables. Fig. 1(b) shows the design variables. The 
total mass of the model is 251.4 kg. 

Fig. 2 shows modal analysis results of the model in 
Fig. 1 conducted by using the ANSYS shell 63 ele-
ment. The first torsional mode is found to be the 8th

mode with its natural frequency 22.7 Hz and the first 
bending mode is the 11th mode with its natural fre-
quency 33.5 Hz. 

The optimization for increasing torsional and bend-
ing frequencies of the BIW model is formulated as 

T B
0 0

T B

( ) ( )Maxmize 1
N

f fF w w
f f

  (1a) 

0Subject to 0
0 1    ( 1,2,3,..., ),

i

i

G m M  
i N

  (1b) 

(a) Non-design domain and design domain 

(b) Design variables in the design domain 

Fig. 1. Body-in-white model of an automobile 
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(a) First torsional mode ( Tf =22.7 Hz) 

(b) First bending mode ( Bf = 33.5 Hz) 

Fig. 2. Modal analysis results 

where Tf  and Bf  are the first torsional and bend-
ing frequencies, respectively. In Eq. (1a), N

denotes the design variable vector, which is param-
eterized with plate thickness. In the equation, the su-
perscript 0 denotes the values calculated from the 
initial model. The contribution of each frequency to 
the objective is controlled by adjusting the weight 
parameter w 0 1w . The design constraint in 
(1b) is imposed on total mass of the model not to 
exceed the prescribed mass 0M , and im  in (1b) 
denotes the mass of the plate which is linked with i .

The parameterization of the design variable with 
the plate thickness is defined as 

0 1 2 3i i it     t i , , ,...,N ,  (2) 

where 0
it  is the thickness of the plate i of the original 

model, and  and  are parameters to express the 
maximum and minimum plate thickness for optimiza-
tion, respectively. In this work, the parameters are set 
as 0.8  and 1.2 , so plate thicknesses are 
varied 80-200% according to the values of their de-
sign variables. 

As an analysis module ANSYS is employed by us-
ing its programming language form APDL (ANSYS  

Table 1. Optimized first torsional frequencies ( 1)w .

Mass constraint 
[kg] 

Added 
mass Frequency [Hz] Frequency 

Increase 
254.0 2.6 28.8 6.1 

259.0 7.6 29.3 6.6 

Parametric Design Language), and the sequential 
quadratic programming of DOT [11] is used for op-
timization. The design sensitivities are calculated by 
using the forward finite difference approach because 
explicit forms of element stiffness matrices or mass 
matrices are not available for the commercial analysis 
software. 

3. Optimization results with continuous 
thicknesses 

3.1 Maximization of the torsional natural frequency 

By setting 1w in (1a), the first torsional natural 
frequency is considered as the only design objective. 
The optimization is performed for two cases: 1) 1% 
mass increase (2.6 kg) and 2) 3% mass increase (7.6 
kg). Although the torsional mode was found as the 8th

mode in the original model, there exists high possibil-
ity of mode sequence change during optimization. 
Therefore, the mode of interest should be tracked 
during optimization. We use the MAC-based mode-
tracking method proposed by Kim and Kim [12]. In 
[12], the MAC (modal assurance criterion) between 
two different modes is defined as 

,
T
A B

A B T T
A A B B

MAC ,  (3) 

where A  and B  denote modal vectors of mode 
A and mode B, respectively. The MAC value is ob-
tained as 0 1MAC . If 1MAC , it indicates 
that the two modes are exactly equal to each other.  

Table 1 shows the maximized torsional natural fre-
quencies for two mass constraint conditions after 
optimization. While the mass increases only 1 or 3%, 
the frequency increase rate is optimized more than 
26%. This means that the mass of the plates having 
small contribution to the increase of torsional fre-
quency efficiently moves to the plates having large 
contribution for the frequency increase. In other 
words, mass decreases during optimization for the 
plates whose mass increase rates for unit thickness  
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(a)

(b) 

Fig. 3. First torsional frequency maximization results: (a) 1% 
added mass, and (b) 3% added mass ( : 0.8 1i , :
0.6 0.8i , : 0.4 0.6i , : 0.2 0.4i  and 

: 0 0.2i ).

Table 2. Optimized thicknesses of the plates for torsional 
frequency maximization problem with 1% added mass. 

i 0
it

opt
it  i 0

it
opt
it

1 1 0.800 16 1.4 1.120 
2 1.8 1.440 17 1 1.989 
3 0.8 0.640 18 1 0.800 
4 1.4 1.120 19 1.4 1.120 
5 1 0.800 20 1.2 1.615 
6 1.4 1.120 21 1 0.800 
7 3 2.401 22 1 1.999 
8 2 1.600 23 1 0.800 
9 1.4 1.121 24 1 0.833 
10 1 0.888 25 1 1.999 
11 1.6 1.280 26 1 1.999 
12 1.4 1.120 27 1.6 3.199 
13 1.4 1.120 28 1 0.800 
14 1.4 1.120 29 1.2 0.960 
15 1.6 1.280    

Fig. 4. Objective function history of the torsional frequency 
maximization problem. 

Table 3. Optimized first bending frequencies ( 0)w .

Mass constraint 
[kg] 

Added 
mass Frequency [Hz] Frequency 

increase 
254.0 2.6 40.3 6.8 

259.0 7.6 41.4 7.9 

Table 4. Optimized thicknesses of the plates for bending 
frequency maximization problem with 1% added mass. 

i 0
it

opt
it  i 0

it
opt
it

1 1 2.000 16 1.4 1.120 

2 1.8 3.600 17 1 2.000 

3 0.8 0.640 18 1 0.800 

4 1.4 1.120 19 1.4 1.120 

5 1 0.800 20 1.2 0.960 

6 1.4 1.120 21 1 0.800 

7 3 4.411 22 1 0.877 

8 2 1.658 23 1 0.872 

9 1.4 2.800 24 1 0.800 

10 1 1.931 25 1 1.996 

11 1.6 1.280 26 1 0.800 

12 1.4 1.120 27 1.6 1.618 

13 1.4 2.543 28 1 0.800 

14 1.4 1.120 29 1.2 0.960 

15 1.6 1.280    

(a)

(b) 

Fig. 5. First bending frequency maximization results: (a) 1% 
added mass, and (b) 3% added mass ( : 0.8 1i , :
0.6 0.8i , : 0.4 0.6i , : 0.2 0.4i  and 

: 0 0.2i ).
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increase are larger or equal to their stiffness increase 
rates, and vice versa. 

Fig. 3 illustrates thickness changes of the plates af-
ter optimization. Reinforcements are mainly found for 
the plates whose displacements are largely evaluated 
in the modal vector Fig. of Fig. 2(a). The optimized 
plate thicknesses for the case of 1% mass increase are 
listed in Table 2. The proposed thickness optimization 
formulation is based on continuous real design vari-
ables, and thus additional post-process step for ap-
proximating optimized thicknesses to available dis-
crete thicknesses are required. This will be discussed 
in detail in section 4. Fig. 4 shows the history of the 
torsional natural frequency during optimization. 

3.2 Maximization of the bending natural frequency 

Next, we consider only the increase of the bending 
natural frequency ( 0w in (1a)). The results of op-
timization are listed in Table 3. The frequency in-
creases 6.8Hz and 7.9Hz for 1 and 3% mass increase, 
respectively. The optimized plate thicknesses for the 
case of 1% mass increase are listed in Table 4, and 
also illustrated in Fig. 5. As in the torsional frequency 
increase problem, thicknesses are mainly increased on 
the plates whose mode vectors are largely calculated 
in Fig. 2(b); thicknesses of the plates around A pillar, 
top region of B pillar, bottom and rear parts are dou-
bly increased.  

3.3 Maximization of the torsional and bending natu-
ral frequencies 

Both the first torsional and bending natural fre-
quencies are considered as the design objective by 
using 0.5w  in (1a). One mass constraint condi-
tion of 1% mass increase is used in the optimization. 
The results are listed in Table 5, which shows less 
frequency increase compared to the results of consid-
ering either the torsional or bending frequency as the 
only objective. Nonetheless, a large frequency in-
crease and thus high dynamic stiffness of the opti-
mized body can be obtained compared to the original 
model.  

The mode sequence of the first torsional mode of 
the optimized model is changed to the 10th from the 
8th of the original model and that of the first bending 
mode is also changed to the 13th from the 11th. Thus, 
without employing a mode-tracking method such as 
the MAC [12], it is hard to expect meaningful designs 
in the proposed optimization problems.  

Table 5. Frequency increase results by multi objective topol-
ogy optimization with 1% mass increase ( 0.5)w .

Initial design 
[Hz] 

Optimized 
design [Hz] 

Frequency 
increase 

Torsional 
frequency 22.7 28.4 5.7 

Bending  
frequency 33.5 39.2 5.7 

Fig. 6. Thickness optimization result by multi objective opti-
mization with 1% added mass ( : 0.8 1i , :
0.6 0.8i , : 0.4 0.6i , : 0.2 0.4i  and 

: 0 0.2i ).

Fig. 7. The proposed thickness discretization scheme. 

Fig. 6 illustrates the optimized plate thicknesses. In 
the figure, the thickness reinforcement patterns in Fig. 
3(a) and Fig. 5(a) can be found mixed. 

4. Discrete thickness optimization process  

The plate thicknesses are optimized based on con-
tinuous design variables i , so their values after 
optimization are also continuous as in Table 2 and 
Table 4. However, manufacturing all the plates hav-
ing arbitrary thickness dimensions in Table 2 or Table 
4 involves tremendous cost increase. In this work, the 
manufacturability issue of optimization is considered 
by approximating optimized plate thicknesses to the 
following discrete values: 
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0.6,0.65,0.7,0.8,0.9,1.0,1.2,

1.4,1.6,1.8,2.0,2.3,2.6,3.0  [mm].
it   (4) 

In Fig. 7, we propose a straightforward thickness 
discretization approach based on two subsequent 
optimizations. The first step in the figure denotes the 
continuous-thickness-based optimization which is 
already defined in Eq. (1) and Eq. (2). After Step 1 
optimization, thickness discretization can be easily 
performed for the plates whose optimized thicknesses 
are almost close to those in (4).  

As the second step of the proposed discretization, 
considering design sensitivities of the optimized re-
sult, we can determine discrete values of some inter-
mediate optimized thicknesses. In Fig. 8, we show the 
sensitivities of the objective and the mass constraint 
for the optimized result in Fig. 3(a). According to Eq. 
(2), the sensitivity of the objective F  is  

0
i

i i

F F t
t

.  (5) 

Because 0
it  is positive, Eq. (5) means that the 

sign of iF t  is always equal to that of iF .
Thus, if the objective sensitivity with respect to a 
design variable is negative, it indicates that the natural 
frequencies decrease as the thickness of the corre-
sponding plate increases. Accordingly, for the design 
variables with 0iF , the corresponding opti- 
mized thicknesses should be approximated to their 
nearest smaller discrete thicknesses in (4) to reduce 
total mass of the automobile body. For example, if the 
optimized thickness of a plate is opt

it 1.18 m and its 

Fig. 8. Sensitivities of the result in Fig. 3(a). 

objective sensitivity is negative, the discrete thickness 
is it 1.0 mm. Also, if opt

it 2.23 m and its objec-
tive sensitivity is negative, its discrete thickness is 

it 2.0 mm. In Fig. 8, the 1st, 2nd, 3rd, 4th, 5th, 6th, 9th,
12th, 13th, 18th, 28th and 29th design variables have 
negative design sensitivities for the objective and 
should be approximated to their nearest smaller dis-
crete values. 

Step 3 in Fig. 7 is given as a reduced optimization 
problem for the discretization of intermediate opti-
mized thicknesses having positive objective sensitivi-
ties: 

T B
0 0

T B

( ) ( )Maxmize 1
Nd

f fF w w
f f

up low

1

1 N

i i i i
i

t t t t
R

  (6a) 

0Subject to 0
1 1    ( 1,2,3,..., ),

i

i d

G m M  
i N

  (6b) 

and 

up low
low

1 exp( 10 )
i i

i i
i

t tt   t ,  (6c) 

where  ( ) is a reduced set of design variables 
whose objective sensitivities are positive after the 
Step 1 optimization. Thus, it is obvious that dN N .
In the above, up

it  and low
it  denote the nearest larger 

and smaller discrete thicknesses of the intermediate 
thickness it , respectively. Note that, to enforce the 
convergence to discrete values, an explicit penalty 
term for intermediate thicknesses is imposed on the 
new objective function in Eq. (6a). The parameter R
in Eq. (6a) is a normalization parameter whose value 
is set to make the penalty term unity at the beginning 
of the optimization. 

In Eq. (6c), the design variable i  is nonlinearly 
parameterized with the thickness by using the so-
called S-shape mapping function illustrated in Fig. 
9(a) [13]. Fig. 9(b) shows that the derivative of the 
mapping function has large values around intermedi-
ate design variables. Thus, by using an S-shape map-
ping function, high sensitivities around intermediate 
design values are obtained, and accordingly the push-
ing effect of it  to up

it  or low
it  can be expected (see 

Reference [13] for more details.) 
Using the proposed discretization scheme, the re-

sulting thicknesses of the continuous-thickness-based 
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(a)

(b) 

Fig. 9. (a) S-shape mapping function from i  to it  and (b) 
i idt d .

optimization (or the Step 1 optimization) in Table 2 
for torsional frequency maximization with 1% added 
mass are discretized. Table 6 lists the discretized 
thicknesses. In the Step 2 column of Table 6, discre-
tized thicknesses belong to one of the following cases. 

 A thickness after the Step 1 optimization is nearly 
close to one of the discrete values in (4).  The de-
sign sensitivity for the objective function is negative 
and thus the thickness is approximated to its nearest 
smaller discrete thickness. A total of 19 out of 29 
thicknesses are directly discretized through the Step 2 
process. The remaining 10 intermediate thicknesses 
are set as design variables for the reduced optimiza-
tion problem of Step 3. Because the number of design 
variables for the reduced problem is smaller than that 
of the Step 1 optimization, the total computational 
cost for the optimization does not seriously increase. 
Fig. 10 shows the discretization effect of the proposed  

(a)

(b) 

Fig. 10. Discretization of the optimized thickness results of 
the torsional frequency maximization problem in Fig. 3(a): 
(a) optimized thicknesses after the Step 1 optimization, and 
(b) discretized thicknesses after the Step 3 optimization 
(horizontal lines denote the discrete thicknesses in (4)). 

approach; the intermediate thicknesses in Fig. 10(a) 
are approximated to those in Fig. 10(b). The horizon-
tal lines in Fig. 10 denote the discrete thicknesses in 
(4). The torsional frequency of the discretely opti-
mized structure is 28.6 Hz. The final mass is 250.2 kg, 
which is rather decreased from 254.0 kg of the Step 1 
result through the discretization. 

For the optimized results of the torsional and bend-
ing frequency maximization problem in Fig. 6, discre-
tized thicknesses are also calculated and listed in Ta-
ble 7. Fig. 11 shows the thicknesses before and after 
the discretization. The final optimized structure has 
28.4 Hz for the torsional frequency and 39.6 Hz for 
the bending frequency and the mass is 251.4 kg. 
Compared to the initial model, the torsional frequency 
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Table 6. Optimized thicknesses opt
it  after the Step 1 optimi-

zation Eqs. (1) and their discretized values for torsional fre-
quency maximization problem with 1% added mass (In Step2, 
thicknesses with negative design sensitivities for the objec-
tive are underlined). 

i 0
it

opt
it  Step2 Step3 i 0

it
opt
it  Step2 Step3

1 1 0.800 0.8  16 1.4 1.120  1.0

2 1.8 1.440 1.4  17 1 1.976  1.8

3 0.8 0.640 0.6  18 1 0.800 0.8

4 1.4 1.120 1.0  19 1.4 1.120  1.0

5 1 0.800 0.8  20 1.2 1.616  1.6

6 1.4 1.120 1.0  21 1 0.800 0.8

7 3 2.400  2.3 22 1 2.000 2.0

8 2 1.600 1.6   1 0.800 0.8

9 1.4 1.120 1.0  24 1 0.834  0.8

10 1 0.879  0.8 25 1 2.000 2.0

11 1.6 1.280  1.2 26 1 2.000 2.0

12 1.4 1.120 1.0  27 1.6 3.199 3.0

13 1.4 1.120 1.0  28 1 0.800 0.8

14 1.4 1.120  1.0 29 1.2 0.960 0.9

15 1.6 1.280  1.2      

Table 7. Optimized thicknesses opt
it  after the Step 1 optimi-

zation Eqs. (1) and their discretized values for torsional and 
bending frequency maximization problem with 1% added 
mass. 

i 0
it

opt
it  Step2 Step3 i 0

it
opt
it  Step2 Step3

1 1 1.9860 2.0 16 1.4 1.1228  1.2

2 1.8 1.9350  1.8 17 1 1.9868 2.0

3 0.8 0.6416  0.65 18 1 0.8020 0.8

4 1.4 1.1228  1.0 19 1.4 1.1228  1.0

5 1 0.8020 0.8 20 1.2 1.0959  1.0

6 1.4 1.1228  1.0 21 1 0.8020 0.8

7 3 2.4060  2.6 22 1 1.6706  1.8

8 2 1.6040 1.6 23 1 0.8020 0.8

9 1.4 2.7814  2.6 24 1 0.8239  0.9

10 1 1.4485  1.4 25 1 1.9900 2.0

11 1.6 1.2832  1.2 26 1 1.9898 2.0

12 1.4 1.1228  1.0 27 1.6 3.1708 3.0

13 1.4 2.1942  2.3 28 1 0.8020 0.8

14 1.4 1.1228  1.2 29 1.2 0.9624  0.9

15 1.6 1.2832  1.4      

      (a) 

       (b) 

Fig. 11. Discretization of the optimized thickness results of 
the torsional and bending frequency maximization problem in 
Fig. 6 (a) optimized thicknesses after the Step 1 optimization, 
and (b) discretized thicknesses after the Step 3 optimization 
[horizontal lines denote the discrete thicknesses in (4)]. 

and the bending frequency of the structure are in-
creased 5.7 Hz and 6.1 Hz, respectively. 

5. Conclusions 

A torsional and bending frequency maximization 
problem for the BIW model of an automobile body 
was presented in this work. Compared to the existing 
element-wise design variable approach, by allotting 
design variables onto each plate of the model and 
linearly parameterizing the design variable with its 
corresponding plate thickness, the size of the design 
space could be significantly reduced. A straightfor-
ward thickness discretization scheme was newly pro-
posed for increasing manufacturability of the opti-
mized structure. By examining the design sensitivities 
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of the objective function, some of intermediate thick-
nesses could be directly discretized. After the intuitive 
discretization, a reduced optimization problem was 
reformulated where side constraints for the intermedi-
ate thicknesses were limited to their adjacent discrete 
thicknesses. The parameterization of design variables 
and the objective function was modified to enforce 
the convergence of thicknesses to discrete values. The 
optimized structure showed around 6 Hz frequency 
increase with less mass than the initial model. 
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